Fractional integrals on weighted Hardy spaces  by Ding, Yong et al.
J. Math. Anal. Appl. 282 (2003) 356–368
www.elsevier.com/locate/jmaa
Fractional integrals on weighted Hardy spaces
Yong Ding,a,1 Ming-Yi Lee,b and Chin-Cheng Lin b,∗,2
a Department of Mathematics, Beijing Normal University, Beijing 100875, China
b Department of Mathematics, National Central University, Chung-Li 320, China (Taiwan)
Received 11 December 2002
Submitted by Steven G. Krantz
Abstract
In this paper, applying the atomic decomposition and molecular characterization of the real
weighted Hardy spaces Hpw(Rn), we give the weighted boundedness of the homogeneous fractional
integral operator TΩ,α from H
p
wp (R
n) to Lqwq (R
n), and from Hpwp (R
n) to Hqwq (R
n).
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1. Introduction
Let Ω ∈ Lr(Sn−1) be homogeneous of degree zero, where r > 1 and Sn−1 denotes the
unit sphere of Rn (n 2) equipped with normalized Lebesgue measure dσ = dσ(x ′). For
0 < α < n, the homogeneous fractional integral operator TΩ,α is defined by
TΩ,αf (x)=
∫
Rn
Ω(x − y)
|x − y|n−α f (y) dy.
The weighted (Lp,Lq) boundedness of TΩ,α with the power weight for 1 <p < n/α was
obtained in 1971 by Muckenhoupt and Wheeden [8], and for more general weights in 1998
by Ding and Lu [1]. Recently, Ding and Lu [2] applied the atomic decomposition and
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Y. Ding et al. / J. Math. Anal. Appl. 282 (2003) 356–368 357molecular characterization of the real Hardy spaces to give the (Hp,Lq) and (Hp,Hq)
boundedness of TΩ,α for 0 <p  1.
On the other hand, in 1985 Strömberg and Wheeden [9] gave the weighted (Hp,Lq)
and weighted (Hp,Hq) boundedness of the Riesz potential operator Iα . Since Iα is es-
sentially the homogeneous fractional integral operators TΩ,α when Ω(x) ≡ 1, a natural
and interesting problem is whether TΩ,α has the same mapping properties on weighted
H
p
w as those on the classical Hp. In this paper we shall answer this problem affirmatively.
First we give the weighted (Hp,Lq) boundedness of TΩ,α by the atomic decomposition
of the weighted Hardy spaces Hpw(Rn). Then, applying the atom–molecule theory of the
weighted Hardy spaces Hpw(Rn) obtained by Garcia-Cuerva [3] and Lee and Lin [7], we
get the weighted (Hp,Hq) boundedness of TΩ,α .
First let us recall the definitions of Ap weight and the reverse Hölder condition. For
1 < p <∞, a locally integrable nonnegative function w on Rn is said to belong to Ap if
there exists C > 0 such that, for every n-dimensional cube I ⊂Rn,(
1
|I |
∫
I
w(x) dx
)(
1
|I |
∫
I
w(x)−1/(p−1) dx
)p−1
 C,
where |I | denotes the Lebesgue measure of I . For the case p = 1, w ∈ A1 if there exists
C > 0 such that, for every cube I ⊂Rn,
1
|I |
∫
I
w(x) dx  C ess inf
x∈I w(x).
A function w ∈ A∞ if it satisfies the condition Ap for some p > 1. It is well-known that
if w ∈ Ap for 1 < p <∞, then w ∈ Ar for all r > p and w ∈ Aq for some 1 < q < p.
We denote qw = inf{q > 1: w ∈Aq} the critical index of w and set the weighted measure
w(E)= ∫E w(x) dx .
If there exist r > 1 and a fixed constant C > 0 such that, for every cube I ⊂Rn,(
1
|I |
∫
I
w(x)r dx
)1/r
 C
(
1
|I |
∫
I
w(x) dx
)
,
then w is said to satisfy the reverse Hölder condition of order r and is written by w ∈ RHr .
It follows from Hölder’s inequality that w ∈ RHr implies w ∈ RHs for s < r . It is known
that if w ∈ RHr , r > 1, then w ∈ RHr+ε for some ε > 0. We denote by rw = sup{r > 1:
w ∈ RHr} the critical index of w for the reverse Hölder condition. Two well-known results
about the relationship between Ap weight and the reverse Hölder condition are as follows.
Lemma A [9]. Let r > 1. Then wr ∈A∞ if and only if w ∈ RHr .
Lemma B [4,5]. Let w ∈ Ap ∩ RHr , p  1, and r > 1. Then there exist constants
C1,C2 > 0 such that
C1
( |E|
|I |
)p
 w(E)
w(I)
 C2
( |E|
|I |
)(r−1)/r
for any measurable subset E of a cube I .
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with λ times the edgelength. We have an estimate for w(λI) as follows.
Lemma C [4]. Let w ∈Ap, p  1. Then, for any cube I and λ > 1,
w(λI) Cλnpw(I),
where C does not dependent on I nor on λ.
Let us recall the Lr -Dini condition. We say that Ω satisfies the Lr -Dini condition if
Ω ∈Lr(Sn−1), r  1, is homogeneous of degree zero on Rn, and
1∫
0
ωr(δ)
δ
dδ <∞, (1.1)
where ωr(δ) denotes the integral modulus of continuity of order r of Ω defined by
ωr(δ)= sup
‖ρ‖<δ
( ∫
Sn−1
∣∣Ω(ρx ′)−Ω(x ′)∣∣r dx ′
)1/r
and ρ is a rotation in Rn with ‖ρ‖ = sup{|ρx ′ − x ′|: x ′ ∈ Sn−1}. Using the method similar
to that used in the proof of [6, Lemma 5], we have
Lemma D. Suppose that 0 < α < n, r > 1, and Ω satisfies the Lr -Dini condition. Then( ∫
R<|x|<2R
∣∣∣∣ Ω(x − y)|x − y|n−α − Ω(x)|x|n−α
∣∣∣∣
r
dx
)1/r
 CRn/r−n+α
{
|y|
R
+
∫
|y|/2R<δ<|y|/R
ωr(δ)
δ
dδ
}
for |y|R/2.
We now present our results as follows.
Theorem 1. Let 0 < α < 1, n/(n + α)  p < 1, 1/q = 1/p − α/n, and Ω ∈ Lr(Sn−1),
r > n/(n−α), be homogeneous of degree zero on Rn. If the integral modulus of continuity
ωr(δ) of order r of Ω satisfies
1∫
0
ωr(δ)
δ1+α
dδ <∞, (1.2)
and wnr/(rn−n−rα) ∈A1, then there is C > 0 independent of f such that
‖TΩ,αf ‖Lq
wq
 C‖f ‖Hp
wp
.
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Theorem 2. Let 0 < α < n, and let Ω ∈ Lr(Sn−1), r > n/(n − α), be homogeneous of
degree zero on Rn. If Ω satisfies the Lr -Dini condition and wnr/(rn−n−rα) ∈A1, then there
is C > 0 independent of f such that ‖TΩ,αf ‖Lq
wq
 C‖f ‖H 1w , where q = n/(n− α).
Theorems 1 and 2 give the (Hpwp,L
q
wq ) boundedness of TΩ,α . Theorems 3 and 4 below
show that TΩ,α is also bounded from the weighted space Hpwp to H
q
wq .
Theorem 3. Let 0 < α < 1/2, 1/q = 1/p− α/n, and Ω ∈ Lr(Sn−1), r > 1/(1− 2α), be
homogeneous of degree zero on Rn. If the integral modulus of continuity ωr(δ) of order r
of Ω satisfies
1∫
0
ωr(δ)
δ1+β
dδ <∞ for some

β ∈ (α,1] if
2+2n−
√
(2+2n)2−8
4 < α <
1
2 ,
β ∈ (α, 2α2−2nα2α−1 ] if 0< α  2+2n−
√
(2+2n)2−8
4 ,
(1.3)
and n/(n+β) < p < n/(n+α), wq/(1−q) ∈A1, then there is C > 0 independent of f such
that ‖TΩ,αf ‖Hq
wq
 C‖f ‖Hp
wp
.
For the case of q = 1, we get
Theorem 4. Let 0 < α < 1/2 and Ω ∈ Lr(Sn−1), r > 1/(1 − 2α), be homogeneous of
degree zero on Rn. If the integral modulus of continuity ωr(δ) of order r of Ω satisfies
1∫
0
ωr(δ)
δ1+β
dδ <∞ for some

β ∈ (α,1] if
2+2n−
√
(2+2n)2−8
4 < α <
1
2 ,
β ∈ (α, 2α2−2nα2α−1 ] if 0< α  2+2n−
√
(2+2n)2−8
4 ,
(1.4)
and w1+n/(β−α) ∈ A1, then there is C > 0 independent of f such that ‖TΩ,αf ‖H 1w 
C‖f ‖Hp
wp
for p = n/(n+ α).
2. Preliminaries
In order to show the weighted Hp boundedness of TΩ,α , we will use Garcia-Cuerva’s
atomic decomposition theory (see [3]) and Lee and Lin’s molecular characterization
(see [7]) for weighted Hardy spaces. We characterize weighted Hardy spaces in terms of
atoms and molecules in the following way.
Definition of the weighted atom. Let 0 < p  1  q ∞ and p = q such that w ∈ Aq
with critical index qw . Set [·] the integer function. For s ∈ Z satisfying s  [n(qw/p− 1)],
a real-valued function a(x) is called (p, q, s)-atom centered at x0 with respect to w (or
w-(p, q, s)-atom centered at x0) if
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(ii) ‖a‖Lqw w(I)1/q−1/p,
(iii) ∫
Rn
a(x)xα dx = 0 for every multi-index α with |α| s.
Theorem E [3,7]. Let w ∈ Aq , 0 < p  1  q ∞, and p = q . For each f ∈Hpw(Rn),
there exist a sequence {ai} of w-(p,q, s)-atoms, s  [n(qw/p − 1)], and a sequence {λi}
of real numbers with ∑ |λi |p  C‖f ‖pHpw such that f =∑λiai both in the sense of distri-
butions and in the Hpw norm.
Denote by Ix0r the cube centered at x0 with side length 2r , and denote I 0r simply by Ir .
The molecules corresponding to the atoms mentioned above can be defined as follows.
Definition of the weighted molecule. For 0 < p  1  q ∞ and p = q , let w ∈ Aq
with critical index qw and critical index rw for the reverse Hölder condition. Set s 
[n(qw/p − 1)], ε > max{srw(rw − 1)−1n−1 + (rw − 1)−1,1/p − 1}, a = 1 − 1/p + ε,
and b = 1 − 1/q + ε. A (p, q, s, ε)-molecule centered at x0 with respect to w (or w-
(p, q, s, ε)-molecule centered at x0) is a function M(x) ∈Lqw(Rn) satisfying
(i) M(x)w(Ix0|x−x0|)b ∈L
q
w(R
n),
(ii) Nw(M) := ‖M‖a/b
L
q
w
‖M(·)w(Ix0|·−x0|)b‖
1−a/b
L
q
w
< ∞ (Nw(M) is called the molecular
norm of M with respect to w),
(iii) ∫
Rn
M(x)xα dx = 0 for every multi-index α with |α| s.
In [7], Lee and Lin proved that every weighted molecule belongs to a weighted Hardy
spaces Hpw(Rn), and the embedding is continuous.
Theorem F. Let (p, q, s, ε) be the quadruple in the definition of weighted molecule, and
let w ∈ Aq . Every (p, q, s, ε)-molecule M centered at any point with respect to w is in
H
p
w(R
n) and ‖M‖Hpw  CNw(M), where the constant C is independent of the molecule.
Our treatment to the (Hpwp,L
q
wq ) boundedness and the (H
p
wp,H
q
wq ) boundedness of the
fractional integral operator TΩ,α will be based in part on the (Lpwp ,L
q
wq ) boundedness.
For 1 < p,q <∞, a locally integrable nonnegative function w on Rn is said to belong to
A(p,q) if there exists C such that, for every cube I ⊂Rn,(
1
|I |
∫
I
w(x)q dx
)1/q(
1
|I |
∫
I
w(x)−p′ dx
)1/p′
 C,
where p′ = p/(p − 1). An elementary property of A(p,q) was shown in [1, p. 32].
Lemma G. Suppose that 0 < α < n, 1 <p < n/α, and 1/q = 1/p− α/n. Then
w(x) ∈A(p,q) if and only if w(x)−p′ ∈A1+p′/q . (2.1)
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boundedness of TΩ,α , which will be used in the proofs of our theorems.
Theorem H. Let 0 < α < n, 1 <p < n/α, 1/q = 1/p− α/n, and s > q . If Ω ∈Ls(Sn−1)
and w(x)−s ′ ∈ A(q ′/s′,p′/s′), then there is a constant C, independent of f , such that
‖TΩ,αf ‖Lq
wq
 C‖f ‖Lp
wp
.
3. Proofs of theorems
3.1. The proof of Theorem 1
By Theorem E, it suffices to show that there is an absolute constant C such that
‖TΩ,αf ‖Lq
wq
 C for any wp-(p,∞, s)-atom f, s  [n(1/p− 1)].
Given a wp-(p,∞, s)-atom f with supp(f )⊂ IR and s  [n(1/p− 1)], we have
‖TΩ,αf ‖Lq
wq
=
( ∫
Rn
∣∣TΩ,αf (x)∣∣qw(x)q dx
)1/q

( ∫
|x|2√nR
∣∣TΩ,αf (x)∣∣qw(x)q dx
)1/q
+
( ∫
|x|>2√nR
∣∣TΩ,αf (x)∣∣qw(x)q dx
)1/q
:=K1 +K2.
Since r > n/(n− α), we get 1/r + α/n < 1. It is known that wnr/(rn−n−rα) ∈A1 implies
wnr(1+η)/(nr−n−rα) ∈A1 for some η > 0. Let 1/p1 = 1/r+α/n+(1−1/r−α/n)/(1+η)
and 1/q1 = 1/p1 − α/n. It follows from (2.1) that
w−r ′ ∈A(q ′1/r ′,p′1/r ′).
Applying Hölder’s inequality and Theorem H, we get
K1 C‖TΩ,αf ‖Lq1
wq1
Rn(1/p−1/p1)  C‖f ‖
L
p1
wp1
Rn(1/p−1/p1)
C‖f ‖∞
(
wp1(IR)
)1/p1Rn(1/p−1/p1)
C
(
wp(IR)
)−1/p(
wp1(IR)
)1/p1Rn(1/p−1/p1).
By Lemma A, we have wp ∈ RHnr(1+η)/p(nr−n−rα) and hence wp ∈ RHp1/p . The defini-
tion of the reverse Hölder condition gives(
wp(IR)
)−1/p(
wp1(IR)
)1/p1 CRn(1/p1−1/p),
which implies K1  C.
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K2 
∫
|y|√nR
∣∣f (y)∣∣
×
∞∑
j=1
( ∫
2j
√
nR<|x|2j+1√nR
∣∣∣∣ Ω(x − y)|x − y|n−α − Ω(x)|x|n−α
∣∣∣∣
q
w(x)q dx
)1/q
dy. (3.1)
Noting that r > q , Hölder’s inequality gives( ∫
2j
√
nR<|x|2j+1√nR
∣∣∣∣ Ω(x − y)|x − y|n−α − Ω(x)|x|n−α
∣∣∣∣
q
w(x)q dx
)1/q

( ∫
2j
√
nR<|x|2j+1√nR
∣∣∣∣ Ω(x − y)|x − y|n−α − Ω(x)|x|n−α
∣∣∣∣
r
dx
)1/r
×
( ∫
2j
√
nR<|x|2j+1√nR
w(x)rq/(r−q) dx
)1/q−1/r
. (3.2)
Applying Lemma D, we get( ∫
2j
√
nR<|x|2j+1√nR
∣∣∣∣ Ω(x − y)|x − y|n−α − Ω(x)|x|n−α
∣∣∣∣
r
dx
)1/r
 C(2jR)n/r−(n−α)
{
1
2j
+
|y|/(2j√nR)∫
|y|/(2j+1√nR)
ωr(δ)
δ
dδ
}
for |y|√nR. (3.3)
Since nr(1 + η)/(nr − n − rα) = rq1/(r − q1) > rq/(r − q), we have wrq/(r−q)
∈ A1. Thus, Lemma C implies wrq/(r−q)(2j+1√nIR) C2n(j+1)wrq/(r−q)(IR). By (3.2)
and (3.3), we get
∞∑
j=1
( ∫
2j
√
nR<|x|2j+1√nR
∣∣∣∣ Ω(x − y)|x − y|n−α − Ω(x)|x|n−α
∣∣∣∣
q
w(x)q dx
)1/q
 CRn/r−n+α
(
wrq/(r−q)(IR)
)1/q−1/r
×
∞∑
j=1
{
2j (−n+α+n/q−1) + 2j (−n+n/q)
|y|/(2j√nR)∫
|y|/(2j+1√nR)
ωr(δ)
δ1+α
dδ
}
. (3.4)
If p > n/(n+ α), then −n+ n/q < 0 and hence
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j=1
{
2j (−n+α+n/q−1) + 2j (−n+n/q)
|y|/(2j√nR)∫
|y|/(2j+1√nR)
ωr(δ)
δ1+α
dδ
}

∞∑
j=1
{
2j (−n+α+n/q−1) + 2j (−n+n/q)
1∫
0
ωr(δ)
δ1+α
dδ
}
 C
(
1+
1∫
0
ωr(δ)
δ1+α
dδ
)
.
(3.5)
If p = n/(n+ α), then −n+ n/q = 0. In this case, we have
∞∑
j=1
{
2j (−n+α+n/q−1) + 2j (−n+n/q)
|y|/(2j√nR)∫
|y|/(2j+1√nR)
ωr(δ)
δ1+α
dδ
}
=
∞∑
j=1
{
2j (α−1)+
|y|/(2j√nR)∫
|y|/(2j+1√nR)
ωr(δ)
δ1+α
dδ
}
 C
(
1+
1∫
0
ωr(δ)
δ1+α
dδ
)
. (3.6)
Thus, by (3.1) and (3.4)–(3.6), we get
K2 CRn/r−n+α
(
wrq/(r−q)(IR)
)1/q−1/r ∫
|y|√nR
∣∣f (y)∣∣dy
C‖f ‖∞Rn/r+α
(
wrq/(r−q)(IR)
)1/q−1/r
CRn/r+α
(
wp(IR)
)−1/p(
wrq/(r−q)(IR)
)1/q−1/r
.
Lemma A and wrq/(r−q) ∈A1 give wp ∈ RHrq/p(r−q), which implies(
wp(IR)
)−1/p(
wrq/(r−q)(IR)
)1/q−1/r  CR−n/r−α.
We hence obtain K2  C, and so far have shown ‖TΩ,αf ‖Lq
wq
 C for any wp-(p,∞, s)-
atom f centered at the origin.
We denote by τ−x0w(x) = w(x + x0) the translation of w(x). Note that (τ−x0w)p =
τ−x0(wp). Let f be wp-(p,∞, s)-atom centered at x0 ∈ Rn, then τ−x0f is a wp1 -
(p,∞, s)-atom centered at 0, where w1 = τ−x0w. Since w ∈ A1 implies w1 ∈ A1, we
have ‖TΩ,αf ‖Lq
wq
= ‖TΩ,α(τ−x0f )‖Lq
w
q
1
 C, and the proof is complete. ✷
3.2. The proof of Theorem 2
We use the same argument as Theorem 1. Let f be w-(1,∞,0)-atom supported in
the cube IR . We need to check ‖TΩ,αf ‖Lq
wq
 C, where q = n/(n− α). As in the proof
of Theorem 1, we write ‖TΩ,αf ‖Lq
wq
K1 +K2, and have K1  C. On the other hand,
by (3.2), (3.3), and wrq/(r−q) ∈A1, we get
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(
wrq/(r−q)(IR)
)1/q−1/r ∫
|y|√nR
∣∣f (y)∣∣dy
×
∞∑
j=1
{
1
2j
+
|y|/2j√nR∫
|y|/2j+1√nR
ωr(δ)
δ
dδ
}
.
We hence get K2  C by the same arguments as in proving Theorem 1. ✷
3.3. The proof of Theorem 3
Since r > 1/(1 − 2α), we have rq > n/(n− α) and choose q1 such that n/(n− α) <
q1 < rq . Let p1 ∈ (1, q1) satisfy 1/p1 − 1/q1 = 1/p − 1/q = α/n. The condition
wq/(1−q) ∈ A1 and Lemma A give wq ∈ RH1/(1−q), which implies the critical index of
wq for the reverse Hölder condition rwq > 1/(1− q). For n/(n+ β) < p, it is easy to get
1/q−1 < (β−α)/n. We hence are able to choose ε such that max{1/(rwq −1),1/q−1}<
ε < (β − α)/n  (1 − α)/n. To prove the (Hpwp,Hqwq ) boundedness of TΩ,α , by Theo-
rems E and F we need only to show that, for every wp-(p,∞,0)-atom f , TΩ,αf is a
wq -(q, g1,0, ε)-molecule with Nwq (TΩ,αf ) C for some constant C independent of f .
Let a = 1 − 1/q + ε, b = 1 − 1/q1 + ε, and f be a wp-(p,∞,0)-atom with supp(f )
⊆ IR . This means that
‖f ‖∞ 
(
wp(IR)
)−1/p
and
∫
IR
f (x) dx = 0.
We are going to estimate ‖TΩ,αf ‖Lq1
wq
and ‖(TΩ,αf )(·)(wq(I|·|))b‖Lq1
wq
. Since q1 < rq , by
Lemma G we have w−qr ′/q1 ∈A(q ′1/r ′,p′1/r ′). Theorem H yields
‖TΩ,αf ‖Lq1
wq
= ‖TΩ,αf ‖Lq1
w(q/q1)q1
 C‖f ‖
L
p1
w(q/q1)p1
 Cn‖f ‖∞
(
wqp1/q1(IR)
)1/p1 .
(3.7)
On the other hand, we write∥∥(TΩ,αf )(·)(wq(I|·|))b∥∥Lq1
wq
 Cn
∥∥(TΩ,αf )(·)(wq(I|·|))bχ{|·|2√nR}∥∥Lq1
wq
+Cn
∥∥(TΩ,αf )(·)(wq(I|·|))bχ{|·|>2√nR}∥∥Lq1
wq
:= J1 + J2. (3.8)
The doubling condition of wq and inequality (3.7) imply
J1  Cn‖TΩ,αf ‖Lq1
wq
(
wq(IR)
)b  Cn‖f ‖∞(wqp1/q1(IR))1/p1(wq(IR))b. (3.9)
The vanishing moment condition of f and Minkowski’s inequality give
J2 
∫ ∣∣f (y)∣∣ ∞∑
j=1
(
wq(I2j+1√nR)
)b
IR
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( ∫
2j
√
nR<|x|2j+1√nR
∣∣∣∣ Ω(x − y)|x − y|n−α − Ω(x)|x|n−α
∣∣∣∣
q1
w(x)q dx
)1/q1
dy
 C
∫
IR
∣∣f (y)∣∣ ∞∑
j=1
2nb(j+1)
(
wq(IR)
)b
×
( ∫
2j
√
nR<|x|2j+1√nR
∣∣∣∣ Ω(x − y)|x − y|n−α − Ω(x)|x|n−α
∣∣∣∣
q1
w(x)q dx
)1/q1
dy.
It is clear that q1 < rq implies q/(1 − q) > qr/(r − q1) and hence wqr/(r−q1) ∈ A1. Ap-
plying Hölder’s inequality and Lemma D, we have, for y ∈ IR ,( ∫
2j
√
nR<|x|2j+1√nR
∣∣∣∣ Ω(x − y)|x − y|n−α − Ω(x)|x|n−α
∣∣∣∣
q1
w(x)q dx
)1/q1

( ∫
2j
√
nR<|x|2j+1√nR
∣∣∣∣ Ω(x − y)|x − y|n−α − Ω(x)|x|n−α
∣∣∣∣
r
dx
)1/r
×
( ∫
2j
√
nR<|x|2j+1√nR
w(x)qr/(r−q1) dx
)1/q1−1/r
 CRn/r−n+α
(
wqr/(r−q1)(IR)
)1/q1−1/r2j (n/q1−n+α)
×
{
1
2j
+
|y|/2j√nR∫
|y|/2j+1√nR
ωr(δ)
δ
dδ
}
.
Thus
J2  CRn/r−n+α
(
wq(IR)
)b(
wqr/(r−q1)(IR)
)1/q1−1/r ∫
IR
∣∣f (y)∣∣dy
×
∞∑
j=1
{
2j (nb+n/q1−n+α−1) + 2j (nb+n/q1−n+α−β)
|y|/2j√nR∫
|y|/2j+1√nR
ωr(δ)
δ1+β
dδ
}
 C‖f ‖∞Rn/r+α
(
wq(IR)
)b(
wqr/(r−q1)(IR)
)1/q1−1/r , (3.10)
since ε < (β − α)/n implies the convergence of ∑∞j=1 2j (nb−n+α+n/q1−β). Lemma A and
wrq/(r−q1) ∈A1 give wqp1/q1 ∈ RHrq1/p1(r−q1), which implies
J2  C‖f ‖∞
(
wqp1/q1(IR)
)1/p1(wq(IR))b.
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Nwq (TΩ,αf )C
(‖f ‖∞(wqp1/q1(IR))1/p1)a/b
× (‖f ‖∞(wqp1/q1(IR))1/p1(wq(IR))b)1−a/b
C
(
wp(IR)
)−1/p(
wqp1/q1(IR)
)1/p1(wq(IR))1/q−1/q1.
By Lemma A again, wq ∈A1 implies wp ∈ RHq/p , and thus(
wp(IR)
)−1/p(
wq(IR)
)1/q C|IR |1/q−1/p.
Hölder’s inequality yields(
wqp1/q1(IR)
)1/p1(wq(IR))−1/q1  C|IR|1/p1−1/q1 .
Therefore, Nwq (TΩ,αf ) C|IR |1/q−1/p|IR|1/p1−1/q1  C. As for the moment condition
of TΩ,αf , we first show that (TΩ,αf )(x) ∈L1(Rn). Write∫
Rn
∣∣(TΩ,αf )(x)∣∣dx =
∫
|x|<1
∣∣(TΩ,αf )(x)∣∣dx +
∫
|x|1
∣∣(TΩ,αf )(x)∣∣dx :=E1 +E2.
Hölder’s inequality and wq ∈Aq1 give
E1  ‖TΩ,αf ‖Lq1
wq
∫
|x|<1
(wq)−1/(q1−1) dx Cw.
On the other hand,
E2 
∥∥(TΩ,αf )(·)(wq(I|·|))b∥∥Lq1
wq
∫
|x|1
wq(I|x|)−q1b/(q1−1)w(x)−q/(q1−1) dx.
It is known that w ∈ A1 implies w(x)  C/(1 + |x|)n almost everywhere. By Lemma A,
wq/(1−q) ∈A1 implies wq ∈ RH1/(1−q). Lemma B gives
E2  C
∫
|x|1
|x|(−nqq1b+n(1−q))/(q1−1) dx  C,
since qq1b + q > q1 if and only if ε > 1/q − 1. Therefore, the integrability of TΩ,αf
implies (TΩ,αf )ˆ(ξ) ∈C(Rn). In order to verify∫
Rn
(TΩ,αf )(x) dx = (TΩ,αf )ˆ(0)= 0,
it suffices to check
lim|ξ |→0(TΩ,αf )ˆ(ξ)= 0.
We know that (TΩ,αf )ˆ(ξ)= fˆ (ξ)(Ω(·)/| · |n−α)ˆ(ξ). By [2, p. 161, (4.8)], there exists σ
with 2α < σ < 1− 1/r such that∣∣∣∣
(
Ω(·)
n−α
)ˆ
(ξ)
∣∣∣∣ C(1+ |ξ |−σ/2).| · |
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∣∣fˆ (ξ)∣∣=
∣∣∣∣∣
∫
Rn
f (x)e−2πiξ ·x dx
∣∣∣∣∣=
∣∣∣∣∣
∫
IR
f (x)(e−2πiξ ·x − 1) dx
∣∣∣∣∣
C
∫
IR
∣∣f (x)∣∣|ξ ||x|dx  Cw|ξ |,
we get∣∣(TΩ,αf )ˆ(ξ)∣∣ ∣∣fˆ (ξ)∣∣
∣∣∣∣
(
Ω(·)
| · |n−α
)ˆ
(ξ)
∣∣∣∣ C(|ξ | + |ξ |1−σ/2).
By the choice of σ we know that 1 − σ/2 > 0. Thus we get TΩ,αf is a wq -(q, q1,0, ε)-
molecule centered at 0 with Nwq (TΩ,αf ) C.
Let f be wp-(p,∞, s)-atom centered at x0 ∈ Rn, then τ−x0f is a wp1 -(p,∞, s)-atom
centered at 0, where w1 = τ−x0w. As we have already shown TΩ,α(τ−x0f ) is a wq1 -(q, q1,
0, ε)-molecule centered at 0 with Nwq1 (TΩ,α(τ−x0f )) C, TΩ,αf = τx0(TΩ,α(τ−x0f )) is
a wq -(q, q1,0, ε)-molecule centered at x0 with
Nwq (TΩ,αf )=Nwq1
(
TΩ,α(τ−x0f )
)
 C.
Hence the theorem is proved. ✷
3.4. The proof of Theorem 4
Since r > 1/(1 − 2α), we choose q1 such that n/(n− α) < q1 < (1 − 2α)nr/(n− α).
Let p1 ∈ (1, q1) satisfy 1/p1−1/q1 = α/n. The conditionw1+n/(β−α) ∈A1 and Lemma A
give w ∈ RH1+n/(β−α), which implies rw > 1 + n/(β − α). By the property of condi-
tion A1, there exists η > 0 such that w(1+η)(n+β−α)/(β−α) ∈ A1. Thus, we are able to
choose ε such that max{1/(rw − 1), (β − α)/n(1 + η)}< ε < (β − α)/n. Let a = ε and
b = 1 − 1/q1 + ε. We shall prove that, for every wp-(p,∞,0)-atom f,TΩ,αf is a w-
(1, q1,0, ε)-molecule with Nw(TΩ,αf ) C for some constant C independent of f .
Given a wp-(p,∞,0)-atom f with supp(f ) ⊆ IR , since the choice of β implies that
r/(r − q1) < (n + β − α)/(β − α), we have Nw(TΩ,αf )  C by the same argument as
used in the proof of Theorem 3. As for the moment condition of TΩ,αf , we write∫
Rn
∣∣(TΩ,αf )(x)∣∣dx =
∫
|x|<1
∣∣(TΩ,αf )(x)∣∣dx +
∫
|x|1
∣∣(TΩ,αf )(x)∣∣dx :=E1 +E2.
We only check the size of E2, and leave the details to the reader. By Lemmas A, B, and the
property of condition A1, we have
E2 
∥∥(TΩ,αf )(·)(w(I|·|))b∥∥Lq1w
∫
|x|1
w(I|x|)−q1b/(q1−1)w(x)−1/(q1−1) dx
C
∫
|x|1
|x|−n
n+η(β−α)/(1+η)
n+β−α
q1b
q1−1+
n(β−α)
(1+η)(n+β−α)(q1−1) dx  C,
since (β − α)/n(1+ η) < ε. ✷
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